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Abstract
Conformal techniques are applied to the calculation of integrals on AdSd+1 space
which dene correlators of composite operators in the superconformal eld theory on
the d{dimensional boundary. The 3{point amplitudes for scalar elds of arbitrary mass
and gauge elds in the AdS supergravity are calculated explicitly. For 3 gauge elds





ki of the N = 4, d = 4 SU(N) SYM theory. Results agree with the
free eld approximation as would be expected from superconformal non{renormalization
theorems. In studying the Ward identity relating hJai O
IOJ i to hOIOJ i for (non{
marginal) scalar composite operators OI , we nd that there is a subtlety in obtaining






The fact that the near horizon geometry [5]{[12] of typical brane congurations in string/M
theory is the product space AdSd+1Sp with d+ 1+p = 10=11 has suggested an intriguing
conjecture [1] relating gauged supergravity theory on AdSd+1 with a superconformal theory
on its d{dimensional boundary [1]. See also [13]{[17] for earlier appearance of this corre-
spondence in the context of black hole physics and [32]{[75] for recent relevant work on the
subject.
Precise forms of the conjecture [1] have been stated and investigated in [2, 3] (see also [4])
for the AdS5  S5 geometry of N 3{branes in Type{IIB string theory. The superconformal
theory on the world{volume of the N branes is N = 4 SUSY Yang{Mills with gauge group
SU(N). The conjecture holds in the limit of a large number N of branes with gstN  g2YMN
xed but large. As N !1 the string theory becomes weakly coupled and one can neglect
string loop corrections; Ngst large ensures that the AdS curvature is small so one can
trust the supergravity approximation to string theory. In this limit one nds the maximally
supersymmetric 5{dimensional supergravity with gauged SU(4) symmetry [18]{[20] together
with the Kaluza{Klein modes for the \internal" S5. There is a map [3] between elementary
elds in the supergravity theory and gauge invariant composite operators of the boundary
N = 4 SU(N) SYM theory. This theory has an SU(4) flavor symmetry which is part of
its N = 4 superconformal algebra. Correlation functions of the composite operators in
the large N limit with g2YMN xed but large are given by certain classical amplitudes in
supergravity.
To describe the conjecture for correlators in more detail, we note that correlators of the
N = 4 SU(N) SYM theory are conformally related to those on the 4{sphere which is the
boundary of (Euclidean) AdS5. Consider an operator O(~x) of the boundary theory, coupled
to a source 0(~x) (~x is a point on the boundary S4), and let e
−W [0] denote the generating
functional for correlators of O(x). Suppose (z) is the eld of the interior supergravity
theory which corresponds to O(~x) in the operator map. Propagators K(z; ~x) between the
bulk point z and the boundary point ~x can be dened and used to construct a perturbative
solution of the classical supergravity eld equation for (z) which is determined by the
boundary data 0(~x). Let Scl[] denote the value of the supergravity action for the eld
conguration (z). Then the conjecture [2, 3] is precisely that W [0] = Scl[]. This leads
to a graphical algorithm, see Fig.1, involving AdS5 propagators and interaction vertices
determined by the classical supergravity Lagrangian. Each vertex entails a 5{dimensional
1
integral over AdS5.
Actually, the prescriptions of [2] and [3] are somewhat dierent. In the rst [2], solutions
(z) of the supergravity theory satisfy a Dirichlet condition with boundary data 0(~x) on a
sphere of radius R equal to the AdS length scale. In the second method [3], it is the innite
boundary of (Euclidean) AdS space which is relevant. Massless scalar and gauge elds
satisfy Dirichlet boundary conditions at innity, but elds with AdS mass dierent from
zero scale near the boundary like (z)! zd−0 0(~x) where z0 is a coordinate in the direction
perpendicular to the boundary and  is the dimension of the corresponding operator O(~x).
This is explained in detail below. Our methods apply readily only to the prescription of [3],
although for 2{point functions we will be led to consider a prescription similar to [2].
To our knowledge, results for the correlators presented so far include only 2{point func-
tions [2, 3] [45]1, and the purpose of the present paper is to propose a method to calculate
multi{point correlators and present specic applications to 3{point correlators of various
scalar composite operators and the flavor currents Jai of the boundary gauge theory. Our
calculations provide explicit formulas for AdSd+1 integrals needed to evaluate generic su-
pergravity 3{point amplitudes involving gauge elds and scalar elds of arbitrary mass.
Integrals are evaluated for AdSd+1, for general dimension, to facilitate future applications
of our results. The method uses conformal symmetry to simplify the integrand, so that the
internal (d + 1){dimensional integral can be simply done. This technique, which uses a si-
multaneous inversion of external coordinates and external points, has been applied to many
two{loop Feynman integrals of flat four{dimensional theories [21, 22, 26]. The method
works well in four flat dimensions, although there are diculties for gauge elds, which
arise because the invariant action F 2 is inversion symmetric but the gauge{xing term is
not [21]. It is a nice surprise that it works even better in AdS because the inversion is an
isometry, and not merely a conformal isometry as in flat space. Thus the method works
perfectly for massive elds and for gauge interactions in AdSd+1 for any dimension d.
It is well{known that conformal symmetry severely restricts the tensor form of 2{ and
3{point correlation functions and frequently determines these tensors uniquely up to a
constant multiple. (For a recent discussion, see [27]). This simplies the study of the
3{point functions.
One of the issues we are concerned with are Ward identities that relate 3{point corre-
lators with one or more currents to 2{point functions. It was a surprise to us this requires
1Very recently, a paper has appeared [76] which computes special cases of 3{ and 4{point functions of
scalar operators.
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Figure 1: Witten diagrams.
a minor modication of the prescription of [3] for the computation of hOIOJi for gauge{
invariant composite scalar operators.
It is also the case that some of the correlators we study obey superconformal non{
renormalization theorems, so that the coecients of the conformal tensors are determined
by the free{eld content of the N = 4 theory and are not corrected by interactions. The
evaluation of n{point correlators, for n  4, contains more information about large N dy-
namics, and they are given by more dicult integrals in the supergravity construction. We
hope, but cannot promise, that our conformal techniques will be helpful here. The integrals
encountered also appear well{suited to Feynman parameter techniques, so traditional meth-
ods may also apply. In practice, the inversion method reduces the number of denominators
in an amplitude, and we do apply standard Feynman parameter techniques to the \reduced
amplitude" which appears after inversion of coordinates.
2 Scalar amplitudes
It is simplest to work [3] in the Euclidean continuation of AdSd+1 which is the Y−1 > 0






























































has negative determinant showing that it is a discrete isometry which is not a proper element
of the SO(d + 1; 1) group of (1) and (3). Note that we dene contractions such as (z0)2
using the Euclidean metric  , and we are usually indierent to the question of raised or
lowered coordinate indices, i.e. z = z. When we need to contract indices using the AdS
metric we do so explicitly, e.g., g@@, with g
 = z20 .
The Jacobian tensor J obeys a number of identities that will be very useful below.
These include the pretty inversion property




and the orthogonality relation
J(x)J(x) =  (7)



































2(z0; ~z) = 0 (10)
A generic solution which vanishes as z0 !1 behaves like (z0; ~z)! z
d−
0 0(~z) as z0 ! 0,
where  = + is the largest root of the indicial equation of (10), namely  =
1
2(d p
d2 + 4m2): Witten [3] has constructed a Green’s function solution which explicitly realizes
the relation between the eld (z0; ~z) in the bulk and the boundary conguration 0(~x).
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The normalized bulk{to{boundary Green’s function2, for  > d2 :











is a solution of (10) with the necessary singular behavior as z0 ! 0, namely:
z−d0 K(z0; ~z; ~x)! 1  (~z − ~x) (12)














Note that the choice of K that we have taken is invariant under translations in ~x.
This choice corresponds to working with a metric on the boundary of the AdS space that
is flat Rd with all curvature at innity. Thus our correlation functions will be for CFTd on
Rd. Correlation function for other boundary metrics can be obtained by multiplying by the
corresponding conformal factors.
It is vital to the CFTd=AdSd+1 correspondence, and to our method, that isometries in
AdSd+1 correspond to conformal isometries in CFTd. In particular the inversion isometry
of AdSd+1 is realized by the well{known conformal inversion in CFTd. A scalar eld (a
scalar source from the point of view of the boundary theory) 0(~x) of scale dimension 
transforms under the inversion as xi ! x0i=j
~x0j2 as 0(~x) ! 00(~x) = j~x
0j20(~x0). The
construction (13) can be used to show that a bulk scalar of mass m2 is related to boundary


















and 00(~x) = j~x
0














2The special case  = d2 corresponds to the lowest AdS mass allowed by unitarity, i.e. m
2 = − d
2
4 . In
this case (z0; ~z)! −z
d
2
0 lnz0 0(~z) as z0 ! 0 and the Green’s function which gives this asymptotic behavior
is K d
2














. All the formulas in the text assume the generic normalization (11)
valid for  > d
2




Thus conformal inversion of boundary data with scale dimension d −  produces the in-
version isometry in AdSd+1. In the CFTd=AdSd+1 correspondence, 0(~x) is viewed as
the source for a scalar operator O(~x) of the CFTd. From
R
ddxO(~x)0(~x) one sees that
O(~x)! O0(~x) = j~x0j2O(~x0) so that O(~x) has scale dimension .
Let us rst review the computation of the 2{point correlator O(~x)O(~y) for a CFTd scalar
operator of dimension  [3]. We assume that the kinetic term (8) of the corresponding eld
 of AdSd+1 supergravity is multiplied by a constant  determined from the parent 10{
dimensional theory. We have, accounting for the 2 Wick contractions:













We integrate by parts; the bulk term vanishes by the free equation of motion for K, and
we get:















2 Γ[− d2 ]
1
j~x− ~yj2
where (12) has been used. We warn readers that considerations of Ward identities will
suggest a modication of this result for  6= d. One indication that the procedure above is
delicate is that the @K@K and m
2KK integrals in (16) are separately divergent as ! 0.
We are now ready to apply conformal methods to simplify the integrals in AdSd+1 which
give 3{point scalar correlators in CFTd. We consider 3 scalar elds I(z), I = 1; 2; 3, in the
supergravity theory with masses mI and interaction vertices of the form L1 = 123 and
L2 = 1g@2@3. The corresponding 3{point amplitudes are:




K1(w; ~x)K2(w; ~y)K3(w; ~z) (18)







where KI (w; ~x) is the Green function (11). These correlators are conformally covariant
and are of the form required by conformal symmetry:
Ai(~x; ~y; ~z) =
ai
j~x− ~yj1+2−3j~y − ~zj2+3−1j~z − ~xj3+1−2
(20)
so the only issue is how to obtain the coecients a1, a2.
The basic idea of our method is to use the inversion w =
w0
w02
as a change of variables.
In order to use the simple inversion property (14) of the propagator, we must also refer
6
boundary points to their inverses, e.g. xi =
x0i
x02
. If this is done for a generic conguration
of ~x, ~y, ~z, there is nothing to be gained because the same integral is obtained in the w0
variable. However, if we use translation symmetry to place one boundary point at 0, say
~z = 0, it turns out that the denominator of the propagator attached to this point drops out
of the integral, essentially because the inverted point is at 1, and the integral simplies.
Applied to A1(~x; ~y; 0), using (14), these steps immediately give:



















The remaining integral has two denominators, and it is easily done by conventional Feynman






[z20 + (~z − ~x)
2]b[z20 + (~z − ~y)
2]c
 I[a; b; c; d]j~x − ~yj1+a+d−2b−2c (22)

























Γ[1 + a+ d− b− c]
We thus nd that A1(~x; ~y; 0) has the spatial dependence:
1





which agrees with (20) after the translation ~x! (~x− ~z), ~y ! (~y − ~z). The coecient a1 is
then:
a1 = −
Γ[12(1 + 2 −3)]Γ[
1
2(2 + 3 −1)]Γ[
1













We now turn to the integral A2(~x; ~y; ~z) in (19). It is convenient to set ~z = 0. Since the
structure @K2w
2
0@K3 is an invariant contraction and the inversion of the bulk point a is
dieomorphism, we have, using (14):
@K2(w; ~y)w
2

































where the normalization constants are temporarily omitted. We then nd two integrals of






(d−1 −2 −3) (2 + 3 −1)

(29)
As described by Witten [3], massive AdS5 scalars are sources of various composite gauge{
invariant scalar operators of the N = 4 SYM theory. The values of the 3{point correlators
of these operators can be obtained by combining our amplitudes A1(~x; ~y; ~z) and A2(~x; ~y; ~z)
weighted by appropriate couplings from the gauged supergravity Lagrangian.
3 Flavor current correlators
3.1 Review of eld theory results
We rst review the conformal structure of the correlators hJai (x)J
b







and their non-renormalization theorems.3 The situation is best understood in 4-dimensions,
so we mostly limit our discussion to this physically relevant case. The needed information
probably appears in many places, but we shall use the reference best known to us [29].








j (y)i = B 











where B is a positive constant, the central charge of the J(x)J(y) OPE.
In 4 dimensions the 3{point function has normal and abnormal parity parts which we




k(z)i: It is an old result [28] that the normal parity part is a








ijk (x; y; z) + k2C
sym
ijk (x; y; z)); (31)
where Dsymijk (x; y; z) and C
sym
ijk (x; y; z) are permutation{odd tensor functions, obtained from
the specic tensors
Dijk(x; y; z) =
1














3In this subsection, x, y, z always indicate d{dimensional vectors in flat d{dimensional Euclidean space{
time.
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by adding cyclic permutations
D
sym
ijk (x; y; z) = Dijk(x; y; z) +Djki(y; z; x) +Dkij(z; x; y) (33)
Csymijk (x; y; z) = Cijk(x; y; z) + Cjki(y; z; x) + Ckij(z; x; y):
Both symmetrized tensors are conserved for separated points (but the individual permu-
tations are not); @@zkD
sym
ijk (x; y; z) has the local 
4(x− z) and 4(y− z) terms expected from
the standard Ward identity relating 2- and 3-point correlators, while @@zkC
sym
ijk (x; y; z) = 0
even locally. Thus the Ward identity implies k1 =
B
166 ; while k2 is an independent constant.
The symmetrized tensors are characterized by relatively simple forms in the limit that one
coordinate, say y, tends to innity:























In a superconformal{invariant theory with a xed line parametrized by the gauge cou-
pling, such as N = 4 SYM theory, the constant B is exactly determined by the free eld
content of the theory, i.e. 1{loop graphs. This is the non-renormalization theorem for fla-
vor central charges proved in [25]. The argument is quite simple. The xed point value of
the central charge is equal to the external trace anomaly of the theory with source for the
currents [23, 22]. Global N = 1 supersymmetry relates the trace anomaly to the R-current
anomaly, specically to the U(1)RF
2 (F is for flavor) which is one-loop exact in a confor-
mal theory. Its value depends on the r{charges and the flavour quantum numbers of the
fermions of the theory, and it is independent of the couplings. For an N = 1 theory with
chiral superelds i with (anomaly{free) r{charges ri in irreducible representations Ri of






For N = 4 SYM we can restrict to the SU(3) subgroup of the full SU(4) flavour group that
is manifest in an N = 1 description. There is a triplet of SU(N) adjoint i with r = 23 : We
thus obtain









(N2 − 1): (36)
9
We might now look forward to the AdS5 calculation with the expectation that the value
found for k1 will be determined by the non{renormalization theorem, but k2 will depend
on the large N dynamics and dier from the free eld value. Actual results will force us
to revise this intuition. We now discuss the 1{loop contributions in the eld theory and
obtain the values of k1 and k2 for later comparison with AdS5.
Spinor and scalar 1-loop graphs were expressed as linear combinations of Dsym and Csym













(Dsymijk (x; y; z)−
1
4











(Dsymijk (x; y; z) +
1
8
Csymijk (x; y; z))










(Dsymijk (x; y; z) −
1
8
Csymijk (x; y; z)): (38)
We observe the agreement with the value of B in (36) and the fact that the free eld ratio
of Csym and Dsym tensors is −18 :
Since the SU(4) flavor symmetry is chiral, the 3{point current correlator also has an




ki−. It is well{known that there is a unique conformal tensor{










Tr [γ5γi(6 x− 6 y)γj(6 y− 6 z)γk(6 z− 6 x)]
(x− y)4(y − z)4(z − x)4
(39)
where the SU(N) f and d symbols are dened by Tr(T aT bT c)  14(if
abc + dabc) with T a
hermitian generators normalized as TrT aT b = 12
ab. The coecient is again \protected" by
a non{renormalization theorem, namely the Adler{Bardeen theorem (which is independent
of SUSY and conformal symmetry). After bose{symmetric regularization [26] of the short















(x− z)(y − z) (40)
If we minimally couple the currents Jai (x) to background sources A
a






























where the cubic term in Aai is determined by the Wess{Zumino consistency conditions (see
e.g. [30]).
The CFT4=AdS5 correspondence can also be used to calculate the large N limit of corre-
lators hJai (x)O
I(y)OJ (z)i and hJai (x)J
b
j (y)O
I(z)i where OI is a gauge{invariant composite
scalar operator of the N = 4 SYM theory. For example, one can take OI to be a k{th
rank traceless symmetric tensor TrX1    Xk (the explicit subtraction of traces is not
indicated) formed from the real scalars X,  = 1; :::; 6, in the 6{dimensional representa-
tion of SU(4) = SO(6), and there are other possibilities in the operator map discussed by
Witten [3]. We will compute the corresponding supergravity amplitudes in the next section,
and we record here the tensor form required by conformal symmetry.
For hJai O
IOJi there is a unique conformal tensor for every dimension d given by
hJai (z)O
I(x)OJ (y)i = 
a
















where  is a constant and
a
T IJ are the Lie algebra generators. This correlator satises a



















T IK hOK(x)OJ (y)i+ d(y − z)
a
T JK hOI(x)OK(y)i
There is also a unique tensor form for hJiJjOi (we suppress group theory labels) which
is given in [22]:
hJi(x)Jj(y)O(z)i = Rij(x; y; z)  
(6−)Jij(x− y)−Jik(x− z)Jkj(z − y)
(x− y)6−(x− z)(y − z)
(45)
where  is a constant.
3.2 Calculations in AdS supergravity
The boundary values Aai (~x) of the gauge potentials A
a
(x) of gauged supergravity are the
sources for the conserved flavor currents Jai (~x) of the boundary SCFT4. It is sucient for
our purposes to ignore non-renormalizable nF 2 interactions and represent the gauge sector






















The coecient k962 , where k is an integer, is the correct normalization factor for the 5{
dimensional Chern{Simons term ensuring that under a large gauge transformation the ac-
tion changes by an unobservable phase 2in (see e.g. [30]). The couplings gSG and k could
in principle be determined from dimensional reduction of the parent 10 dimensional theory,
but we shall ignore this here. Instead, they will be xed in terms of current correlators
of the boundary theory which are exactly known because they satisfy non-renormalization
theorems.
To obtain flavor{current correlators in the boundary CFT from AdS supergravity, we
need a Green’s function Gi(z; ~x) to construct the gauge potential A
a
(z) in the bulk from
its boundary values Aai (~x). We will work in d dimensions. There is the gauge freedom to
redene Gi(z; ~x) ! Gi(z; ~x) +
@
@z
i(z; ~x) which leaves boundary amplitudes obtained
from the action (46) invariant. Our method requires a conformal{covariant propagator,
namely




[z20 + (~z − ~x)
2]d−1












which satises the gauge eld equations of motion in the bulk variable z. The normalization







This Green’s function does not satisfy boundary transversality (i.e. @@xiGi(z; ~x) = 0), but
the following gauge{related propagator does4:






















(Both Gi(z; ~x) and Gi(z; ~x) dier by gauge terms from the Green’s function used by Wit-
ten [3]). The gauge equivalence of inversion{covariant and transverse propagators ensures
that the method produces boundary current correlators which are conserved.
Notice that in terms of the conformal tensors Ji the abelian eld strength made from
the Green’s function takes a remarkably simple form:




[z20 + (~z − ~x)
2]d−1
J0[(z − ~x)J]i(z − ~x) (51)
4For even d, the hypergeometric function in (50) is actually a rational function. For instance for d = 4,

















as easily checked by using for Gi the representation (48).
We stress again that the inversion z = z
0
=(z
0)2 is a coordinate transformation which
is an isometry of AdSd+1. It acts as a dieomorphism on the internal indices ; ; : : : of
Gi; Gj ; : : :. Since these indices are covariantly contracted at an internal point z, much
of the algebra required to change integration variables can be avoided. The inversion ~x =
~x0=(~x0)2 of boundary points is a conformal isometry which acts on the external index i
and also changes the Green’s function by a conformal factor. Thus the change of variables
amounts to the replacement:
Gi(z; ~x) = z
02J(z
0)  (~x0)2Jki(~x























@[G]i(z; ~x) will also transform conformal{covariantly under inversion (compare equ.(52)):






as one can directly check from (51) using the identity (6).
hJai J
b
j i: To obtain the current{current correlator we follow the same procedure [3] as
for the scalar 2{point function, eq.(16{17):
hJai (~x)J
b




































. According to the conjecture [1, 2, 3],
(54) represents the large{N value of the 2{point function for g2YMN xed but large. Let
us now consider the case d = 4. By the non{renormalization theorem proven in [25], the
coecient in (30) is protected against quantum corrections. Hence, at leading order in N ,










































2 [Fijk(~x; ~y; ~z) + Fjki(~y; ~z; ~x) + Fkij(~z; ~x; ~y)]
where






0 Gj(w; ~y)Gk(w; ~z) (58)
(The extra factor of 2 in (57) correctly accounts for the 3! Wick contractions). To apply the
method of inversion, it is convenient to set ~x = 0. Then, changing integration variable w =
w0






, we achieve the simplication
(using (52),(53),(7)):




















































2 + ( ~w0 − ~t)2]d−1[(w00)
2 + ( ~w0)2]d−1
where in the last step we have dened ~t  ~y0 − ~z0. Observe that in going from (58) to
(59) we just had to replace the original variables with primed ones and pick conformal
Jacobians for the external (Latin) indices: the internal Jacobians nicely collapsed with each
other (recall the contraction rule (7) for Ji tensors) and with the factors of w
0 coming
from the inverse metric. The integrals in (60) now have two denominators and through
straightforward manipulations can be rewritten as derivatives with respect to the external
coordinate ~t of standard integrals of the form (23). We thus obtain:



























where we have restored the ~x dependence, so that now ~t  (~y − ~x)0 − (~z − ~x)0. We now
add permutations to obtain F symijk (~x; ~y; ~z) in (57). The nal step is to express F
sym
ijk as a
linear combination of the conformal tensors Dsymijk and C
sym
ijk of Section 3.1. It is simplest,
and by conformal invariance not less general, to work in the special conguration ~z = 0 and
j~yj ! 1. After careful algebra we obtain























Now take d = 4; comparison with (34) gives




Dsymijk (~x; ~y; ~z)−
1
8
Csymijk (~x; ~y; ~z)

(63)























Dsymijk (~x; ~y; ~z)−
1
8
Csymijk (~x; ~y; ~z)

which, at leading order in N , precisely agrees with the 1{loop result (38).
The correlator (64) calculated from AdS5 supergravity is supposed to reflect the strong{
coupling dynamics of the N = 4 SYM theory at large N . The exact agreement found with
the free{eld result therefore requires some comment. As discussed in Section 3.1, the coef-
cient of the D tensor is xed by the Ward identity that relates it to the constant B in the
2{point function, and we matched the latter to the 1{loop result by a non{renormalization
theorem. So agreement here is just a check that we have done the integral correctly. How-
ever, the fact that the ratio of the C and D tensors coecients also agrees with the free
eld value was initially a surprise. Upon further thought, we see that our argument that the
value of k2 was a free parameter used only N = 0 conformal symmetry, and superconformal
symmetry may impose some constraint. Indeed, in an N = 1 description of the N = 4 SYM
theory, we have the flavor SU(3) triplet i of (SU(N) adjoint) chiral superelds, together
with their adjoints i. The SU(3) flavor currents are the  components of composite
scalar superelds Ka(~x; ; ) = Tr T a, where T a is a fundamental SU(3) matrix. Just as
15
N = 0 conformal invariance constrains the tensor form of 2{ and 3{point correlators, N = 1
superconformal symmetry will constrain the supereld correlators hKaKbi and hKaKbKci.
We are not aware of a specic analysis, but it seems likely [31] that there are only two
possible superconformal amplitudes for hKaKbKci, one proportional to fabc and the other




ki+ in its {expansion, and
this would imply that the ratio −18 of the coecients of the C and D tensors must hold in





ki− Witten [3] has sketched an elegant argument that allows to read the value of
the abnormal parity part of the 3{current correlator directly from the supergravity action




a, the variation of the the action is purely a boundary term





















By the conjecture [1, 2, 3], Scl[A
a
(z)] = W [A
a
i (~z)], the generating functional for current
































which has precisely the structure (41). Thus the CFT4=AdS5 correspondence gives a very
concrete physical realization of the well{known mathematical relation between the gauge
anomaly in d dimensions and the gauge variation of a (d + 1){dimensional Chern{Simons
form. Witten [3] has argued that (67) is an exact statement even at nite N (string{loop
eects) and for nite ’t Hooft coupling g2YMN (string corrections to the classical supergravity
action), which is of course what one expects from the Adler{Bardeen theorem. Matching
(67) with the 1{loop result (41) we are thus led to identify k = N2 − 1.
hJai J
b
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We set ~y = 0, apply the method of inversion and obtain the integral


























This can be evaluated as a fairly standard Feynman integral with two denominators. The
result is






2 Γ[− d2 ]
Rij(~x; ~y; ~z) (71)
where Rij is the conformal tensor (42).
hJaiO
IOJi: It is useful to study the correlator hJai (~z)O
I(~x)OJ (~y)i from the AdS view-
point because the Ward identity (44) which relates it to hO(~y)IOJ(~z)i is a further check
on the CFT=AdS conjecture. We assume that OI(~x) is a scalar composite operator, in
a real representation of the SO(6) flavor group with generators
a
T IJ which are imaginary
antisymmetric matrices, and that OI(~x) corresponds to a real scalar eld I(~x) in AdS5
supergravity. Actually we will present an AdSd+1 calculation based on a gauge{invariant
extension of (8), namely

































The integral is easily done by setting ~z = 0 and applying inversion. We have also shown






















d(d− 2)Γ[− d2 ]
where
a
SIJ (~z; ~x; ~y) is the conformal amplitude of (42). Comparing with (44) and (17), we
see that the expected Ward identity is not satised; there is a mismatch by a factor 2−d .
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Although we have checked the integral thoroughly, this is an important point, so we now
give a heuristic argument that the answer is correct. We compute the divergence of the
correlator (73) using the following identity inside the integral:
@
@zi




where Kd(w; ~z) is the Green’s function of a massless scalar, i.e.  = d. If we integrate by









































2 Γ[− d2 + 1]
Γ[ + 1]

















which is consistent with (74) and conrms the previously found mismatch between hJai O
IOJi
and hOIOJi.
Thus the observed phenomenon is that the Ward identity relating the correlators hJai O
IOJi
and hOIOJi, as calculated from AdSd+1 supergravity, is satised for operators O
I of scale
dimension  = d, for which the correspondingAdSd+1 scalar is massless, but fails for  6= d.
We suggest the following interpretation of the problem, namely that the prescription of
[3] is correct for n{point correlators in the boundary CFTd for n  3, but 2{point correlators
are more singular, so a more careful procedure is required. The fact that the kinetic and
mass term integrals in (16) are each divergent has already been noted. In the Appendix we
outline an alternate calculation of 2{point functions, very similar to that of [2], in which
we Fourier transform in ~x and write a solution (z0; ~k) of the massive scalar eld equation
which satises a Dirichlet boundary{value problem at a small nite value zo = , compute
the 2{point correlator at this value and then scale to  = 0. This procedure gives a value of
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Appendix
For scalars with dimension  = d the correlation functions achieve constant limiting values
as we approach the boundary of AdS space. If  6= d then the correlation function goes to
zero or innity as we go towards the boundary, and must be dened with an appropriate
scaling. In this case an interesting subtlety is seen to arise in the order in which we take
the limits to dene various quantities, and we discuss this issue below.
Let us discuss the 2{point function for scalars. We take the metric (3) on the AdS
space, and put the boundary at z0 =  with  << 1; at the end of the calculation we take 
to zero. We also Fourier transform the variables ~x, and follow the discussion of [2].









2)(z0; ~k) = 0 (80)






~k~x (z0; ~k) (81)
The solution to this equation is
(z0; ~k) = z
d
2
0 F [ikz0] (82)






















We have to evaluate this action on a solution of the equation of motion with (;~k) 










If we have a solution to the wave equation K(z0; ~k) such that
lim
z0!
K(z0; ~k) = 1; lim
z0!1
K(z0; ~k) = 0 (86)
then we can write the desired solution to the wave equation as
(z0; ~k) = K(z0; ~k)b(~k) (87)
Then the 2-point function in Fourier space will be given by




















 [1 + : : :] (90)
where the terms represented by ‘: : :’ are positive integer powers of (kz0)
2. Then (88) gives
hO(~k)O(~k0)i =




2 + : : :− 2−2 Γ(1−)Γ(1+)(kz0)
+ d
2 + : : :
(k)− + : : :− 2−2 Γ(1−)Γ(1+)(k)
 + : : :
= −2(−d)(~k + ~k0)k22−2 Γ(1−)Γ(1+)(2) + : : :
(91)
Here in the last line we have written only those terms that correspond to the power law
behavior of the correlator in position space, and further only the largest such terms in the
limit ! 0 have been kept. In particular we have dropped terms that are integer powers in
k2, even though some of these terms are multiplied by a smaller power of  than the term
that we have kept. The reason for dropping these terms is that they give delta{function
contact terms in the correlator after transforming to position space, and we are interested
here in the correlation function for separated points.
20









which should therefore be the correctly normalized 2{point function on the boundary z0 = .
It also agrees with the correctly normalized 2{point function required by the Ward identity
(44). The power of  indicates the rate of growth of this correlation function as the boundary
of AdS space is moved to innity, and we can dene for convenience a scaled correlator that
is the same as above but without this power of . The correlation functions given in the
rest of this paper are in fact written after such a rescaling.
We would however have obtained a dierent result had we taken the limits in the fol-








Using (93) in (88) we get






) + : : : (94)




The dierence between (91) and (94) can be traced to the fact that the terms in K(z0)
which are subleading in  when z0 is order unity, give a contribution that is not subleading
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